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Cayley Graphs

Definition
Let G be a group and S C G such that 1 ¢ S and S = S™!. Define a

Cayley digraph of G, denoted Cay(G,S), to be the graph with vertex

set
V(Cay(G,S)) = G

and edge set
E(Cay(G,S)) = {(g.85) : g € G,s € S}.

We call S the connection set of Cay(G,S).



Cayley Graphs

Definition
Let G be a group and S C G such that 1 ¢ S and S = S™!. Define a
Cayley digraph of G, denoted Cay(G,S), to be the graph with vertex
set

V(Cay(G,S)) =G

and edge set
E(Cay(G,S)) = {(g.85) : g € G,s € S}.

We call S the connection set of Cay(G,S).

So, the vertices of a Cayley graph are the elements of the group (and we
label the vertices using the group elements), and the edge set is
determined by the connection set S.
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The Cayley graph Cay(Z10,{1,3,7,9})

10



Coset Digraph

Another type of graph constructed from groups is a graph called a coset
digraph.

11



Coset Digraph

Another type of graph constructed from groups is a graph called a coset
digraph.

Definition
Let G be a group, H < G and S C G. Define a coset digraph, denoted
Cos(G, H, S) with vertex set

V(Cos(G,H,S)) ={gH : g € G}, the set of left cosets of H in G,

and arc set

A(Cos(G, H, S)) = {(xH,yH) :+> x~y € HSH}.

The digraph Cos(G, H, S) is called a Sabidussi coset digraph of G.
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Wreath Products

Definition
Let ['; and I, be graphs.
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Definition
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Wreath Products

Definition
Let 'y and ', be graphs. The wreath product of I'; and I',, denoted

1275, is the graph with vertex set V(1) x V(I'2) and edge set

{(u,v)(u,v') :ue V() and w' € E(I2)}
U{(u, v)(', V') s ud’ € E(T1) and v,v' € V(IL)}.
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of the digraph 'z, with these |V/(I'1)| copies indexed by elements of
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indexing labels of the copies of I'p,
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Wreath Products

Definition
Let 'y and ', be graphs. The wreath product of I'; and I',, denoted

1275, is the graph with vertex set V(1) x V(I'2) and edge set

{(u,v)(u,v') :ue V() and w' € E(I2)}
U{(u, v)(', V') s ud’ € E(T1) and v,v' € V(IL)}.

Intuitively, I'1 2 2 is constructed as follows. First, we have |V/(I'1)| copies
of the digraph 'z, with these |V/(I'1)| copies indexed by elements of
V(7). Next, between corresponding copies of [, we place every possible
edge from one copy to another if in 'y there is an edge between the
indexing labels of the copies of 5, and no edges otherwise.
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Wreath Products

To find the wreath product of any two graphs I'; and I'y:

1. Corresponding to each vertex of I'1, put a copy of .
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Wreath Products

To find the wreath product of any two graphs I'; and I'y:
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Wreath Products

To find the wreath product of any two graphs I'; and I'y:

1. Corresponding to each vertex of I'1, put a copy of .

2. If vi and v, are adjacent in 1, put every edge between

corresponding copies of 5.
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Wreath Products

To find the wreath product of any two graphs I'; and I'y:

1. Corresponding to each vertex of I'1, put a copy of .
2. If vi and v, are adjacent in 1, put every edge between
corresponding copies of 5.
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1. Corresponding to each vertex of I'1, put a copy of .
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Wreath Products

To find the wreath product of any two graphs I'; and I'y:

1. Corresponding to each vertex of I'1, put a copy of .
2. If vi and v, are adjacent in 1, put every edge between
corresponding copies of 5.
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Wreath Products

The wreath product of graphs has many names,
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Wreath Products

The wreath product of graphs has many names, the lexicographic
product,
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Wreath Products

The wreath product of graphs has many names, the lexicographic
product, graph composition,
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Wreath Products

The wreath product of graphs has many names, the lexicographic
product, graph composition, and the [»-extension of ;.
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Wreath Products

Let us consider the graph Cg? K>.
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Wreath Products

Let us consider the graph Cg? K>.
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Wreath Products

(7,a) (1,a)
(6,b)e *(6,a) (2,a) *(2,b)
(5,2) (3,2)

. (4;3) .

(5,b). .(3 b)
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Wreath Products
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Wreath Products

(5, b) .(3, b)
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Wreath Products

(0, b)

(7.) l\{u,b)
R
(7,a) (1,a)

(6,b)e ¢ (6,a) (2,a) (2, b)

(5,a) (3, a)/
* (4,2)

(5, b). (3,b)
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Wreath Products
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Wreath Products
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Wreath Products

(0.5)
(7.5) l\{u,b)
AN
(7,a) (1,a)

(6,b)e (6, a) (2,a) (2, b)
(5,a) (3, a)/
e

(5,b)<< (5.)

17



Wreath Products

(0.5)
(7.5) l\{u,b)
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Cayley Graph with H < G.

Theorem
A Cayley digraph T = Cay(G, S) of a group G is isomorphic to a
nontrivial wreath product of two vertex-transitive digraphs of smaller

order if there exists H< G such that S — H is a union of cosets of H in
G. Then,

CaY(Gv S) = CaY(G/Hvsl) { CaY(H752)

where Sy is the set of cosets of H contained in S and S, = SN H.
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Abelian group example

Example
Let G = Zi and H = (4) = Zs. Since G is abelian, H< G. The graph

Cay(Z12,{2,6,10}) has connection set the coset 2 =2 + (4). Then
Cay(Z12,{2,6,10}) is isomorphic to the wreath product
Cay(Z12/(4),{2}) 1 Cay((4),0), where

Cay(Z12/(4),{2}) = Cay(Zs, {2}) = 2K, and Cay((4), ) = K3. The
vertices of the graphs can be identified via the map

(3, b) = a+ b (mod 12), where a = a + (4).
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Cav(le/{O, 4\ 8} {2. 6, 10}) l ClV({O\ 4 8}. @)

20



Remark

This theorem is only really helpful for determining when the Cayley graph
of an abelian group is a wreath product as any subgroup is normal. So,
we had to consider a more general case, relaxing the condition of the
subgroup being normal to being any general subgroup.
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Cayley Graph with H < G

Theorem

A Cayley digraph T = Cay(G,S) of a group G is isomorphic to a
nontrivial wreath product of two vertex-transitive digraphs of smaller
order if and only if there exists H < G such that S — H is a union of
double cosets of H in G. If such an H < G exists, then

Cay(G,S) = Cos(G/L,H/L, T) 1 Cay(H,S N H),

where L is the subgroup of G which fixes left coset of H in G set-wise,
and T ={(sL)(H/L) :s € S — H}.
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Nonabelian group example

Example
Let G = Zy x D3, where D3 = {7,p: 72 = p3 = 1;7p = p7} is the

dihedral group with 6 elements. Let H = Zy x (7), which is not normal
in G as (0, p)(0,7)(0, p?) = (0, p) & Zo x (7). Consider the Cayley graph

Cay(Z2XD37 {(Oa p)a (1,[))7 (O,P2), (17/)2)’ (Ova)v (177_/))7 (Oa sz)v (177_/)2)’ })

Denote it by I'. The connection set of I' is exactly the double coset
H(0,p)H and L = {(0,1p,),(1,1p,)}. So using the theorem, we see that
I~ Cos(G/L,H/L, T)1Cay(H,S N H), where the set

T = {(0, p)L, (0, p?)L, (0, 7p)L, (0, 7p2)L} C G/L. Note that G/L = Ds,
H/L=(r), and SN H = 0. So

[ 2 Cos(Ds, (1), {p, p*, 70, 7p*}) 1 Cay(Zy x (1),0) = K31 Ki.

The graphs can be identified via the map (3, (¢, d)) — (c, ad), where 3 is
the left coset of H containing a.
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Research/Next Steps

Question: When are coset digraphs wreath products?
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