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Ordered Sets, Automorphisms, Endomorphisms

Definition. An ordered set P is a set P equipped with a reflexive,
antisymmetric and transitive relation, the order relation.

Definition. An automorphism of an ordered set P is a bijective
function Φ : P→ P such that, for all x,y ∈ P, we have
x≤ y⇔Φ(x)≤Φ(y). The set of all automorphisms of P is
denoted Aut(P).

Definition. An endomorphism of an ordered set P is a function
Φ : P→ P such that, for all x,y ∈ P, we have that x≤ y implies
Φ(x)≤Φ(y). The set of all endomorphisms of P is denoted
End(P).

Not interested? Nap until “Interdependent Orbit Unions.”

Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

Ordered Sets, Automorphisms, Endomorphisms
Definition.

An ordered set P is a set P equipped with a reflexive,
antisymmetric and transitive relation, the order relation.

Definition. An automorphism of an ordered set P is a bijective
function Φ : P→ P such that, for all x,y ∈ P, we have
x≤ y⇔Φ(x)≤Φ(y). The set of all automorphisms of P is
denoted Aut(P).

Definition. An endomorphism of an ordered set P is a function
Φ : P→ P such that, for all x,y ∈ P, we have that x≤ y implies
Φ(x)≤Φ(y). The set of all endomorphisms of P is denoted
End(P).

Not interested? Nap until “Interdependent Orbit Unions.”
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The Automorphism Problem

Is lim
n→∞

max
|P|=n

|Aut(P)|
|End(P)|

= 0?

The Automorphism Conjecture: Yes.
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Theorem (Duffus, Rödl, Sands, Woodrow).

For an ordered
set of height h, we have

|End(P)| ≥ 2
h

h+1 |P|

and for height 1, the lower bound is 2|P|.

Hence, for ordered sets of fixed width and with sufficiently
many elements, we have that |End(P)| ≥ 2(1−ε)|P|.

What about the number of automorphisms?
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What is the Largest Number of Automorphisms
for an Ordered Set?

|P|!

uuuuu
Duh.
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What is the Largest Number of Automorphisms
for an Ordered Set?

Okay, too simple.
Let’s demand that there are some comparabilities.(⌊
|P|
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Duh.
Well, actually, its (|P|−1)!, but I was focused on
indecomposability and the picture is too pretty.
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Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

What is the Largest Number of Automorphisms
for an Ordered Set?

Okay, too simple.
Let’s demand that there are some comparabilities.(⌊
|P|
2

⌋
!
)2

u
u
u
u
u
u
u
u
u
u ��

����

��
����

��
����HH

HH
HH

HH
HH

HH

HH
HH

HH

�
�
�

�
�
�

�
�
�

�
�
�

@
@
@

@
@
@

@
@
@

@
@
@
������������ XXX

XXX
XXX

XXX

��
��
��
��
�

��
��
��

��
�PPPPPPPPP

PPPPPPPPP

Duh.
Well, actually, its (|P|−1)!, but I was focused on
indecomposability and the picture is too pretty.

Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

What is the Largest Number of Automorphisms
for an Ordered Set?

Okay, too simple.
Let’s demand that there are some comparabilities.(⌊
|P|
2

⌋
!
)2

u
u
u
u
u
u
u
u
u
u�� ���� ��

Duh.
Well, actually, its (|P|−1)!, but I was focused on
indecomposability and the picture is too pretty.
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What is the Largest Number of Automorphisms
for an Ordered Set?

Okay, let’s not deal with that stuff either.
There’s a BS paper that indicates that that stuff most likely can
be handled ... but what is that stuff?
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Decomposable and Indecomposable Ordered Sets

Definition. Let P be an ordered set and let A⊆ P be nonempty.
Then A is called order-autonomous iff, for all p ∈ P\A, we
have that

1. If there is an a0 ∈ A with p≤ a0, then, for all a ∈ A, we
have p≤ a, and

2. If there is an a0 ∈ A with p≥ a0, then, for all a ∈ A, we
have p≥ a.

An order-autonomous subset A so that |A| 6∈ {1, |P|} is called
nontrivial. An ordered set with a nontrivial order-autonomous
subset A is called decomposable. Otherwise, the ordered set is
called indecomposable.
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Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

Decomposable and Indecomposable Ordered Sets
Definition. Let P be an ordered set and let A⊆ P be nonempty.
Then A is called order-autonomous iff, for all p ∈ P\A, we
have that

1. If there is an a0 ∈ A with p≤ a0, then, for all a ∈ A, we
have p≤ a, and

2. If there is an a0 ∈ A with p≥ a0, then, for all a ∈ A, we
have p≥ a.

An order-autonomous subset A so that |A| 6∈ {1, |P|} is called
nontrivial. An ordered set with a nontrivial order-autonomous
subset A is called decomposable. Otherwise, the ordered set is
called indecomposable.
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Canonical Decomposition

Theorem. (Gallai’s Canonical Decomposition.) Let P be a
connected ordered set that is not series decomposable. Then
every element of P is contained in a unique maximal (with
respect to inclusion) order-autonomous subset of P that is not
equal to P.
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Canonical Decomposition
Theorem. (Gallai’s Canonical Decomposition.) Let P be a
connected ordered set that is not series decomposable. Then
every element of P is contained in a unique maximal (with
respect to inclusion) order-autonomous subset of P that is not
equal to P.
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Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

Canonical Decomposition
Theorem. (Gallai’s Canonical Decomposition.) Let P be a
connected ordered set that is not series decomposable. Then
every element of P is contained in a unique maximal (with
respect to inclusion) order-autonomous subset of P that is not
equal to P.

�
�	 �
�	�
�	 �
�	�
�	 �
�	�
�	 �
�	�
�	

�
�	 �
�	�
�	 �
�	�
�	 �
�	�
�	 �
�	
�
�
�

@
@
@@

@
@

�
�
�@

@
@

�
�
��

�
�

@
@
@�

�
�

@
@
@@

@
@

�
�
�

@
@
@

�
�
�

qq q q q q qq q q q q qq
q q q q q q q q qq

qq q
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What is the Largest Number of Automorphisms
for an Indecomposable Ordered Set?
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Takes a little work, can add a point to the side below all
maximal elements or above all minimal elements for odd orders.
Still feels like “Duh.”
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Okay, so I took a walk and started thinking. And the talk so far
should have indicated that therein usually lies the problem with
me.
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Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

What is the Largest Number of Automorphisms
for an Indecomposable Ordered Set of Width w?

Okay, so I took a walk and started thinking. And the talk so far
should have indicated that therein usually lies the problem with
me.
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((w−1)!)2b n
4w−3c+2 is an upper bound. (Sketch later.)
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Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

What is the Largest Number of Automorphisms
for an Indecomposable Ordered Set of Width
w≤ 10?

|Aut(P)| ≤ ((w−1)!)2b n
4w−3c+2

≤ ((w−1)!)
n

2w− 3
2
+2

= ((w−1)!)2 ·2
lg((w−1)!)

2w− 3
2

n
.

For w≤ 10, we have lg((w−1)!)
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2
< 0.9990. Hence, for

indecomposable and w≤ 10, we have |Aut(P)| ≤ 20.9990|P|.
Voilà, automorphism conjecture ... for width ≤ 10 ... after we
deal with decomposable sets. But how we got here is interesting
for this crowd ... or someone will give me a reference how
people knew this in 1923. (References/Notations appreciated.)
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Voilà, automorphism conjecture ... for width ≤ 10 ... after we
deal with decomposable sets. But how we got here is interesting
for this crowd

... or someone will give me a reference how
people knew this in 1923. (References/Notations appreciated.)
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Orbits

Definition. Let P be an ordered set, let x ∈ P and let Φ : P→ P
be an automorphism. Then Φ · x := {Φn(x) : n ∈ Z} is called
the Φ-orbit of x.

Definition. Let P be an ordered set, let G be a subgroup of
Aut(P) and let x ∈ P. We define the G-orbit of x to be the set

G · x := {Γ(x) : Γ ∈ G}.

Key to bounding the number of automorphisms: Orbits interact
with each other. Should be known, but all I could find was work
on vertex-transitive graphs, which, of course, have only one
orbit.
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Dictated Automorphism Structure
Definition.

Let P be an ordered set and let D be a partition of
P into antichains. Then AutD(P) is the set of automorphisms
Φ : P→ P such that, for every Φ-orbit O of Φ, there is a D ∈D
such that O⊆ D. In this context D is called a dictated
automorphism structure for P. AutD(P)-orbits will, more
briefly, be called D-orbits.
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Would “Dictated Orbit Structure” be better?
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Orbits

Definition. The partition of P into its Aut(P)-orbits is called
the natural automorphism structure of P, which will typically
be denoted N . When working with the natural automorphism
structure, explicit indications of the automorphism structure,
usually via subscripts or prefixes D , will often be omitted.
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Directly Interdependent Orbits

Definition. Let P be an ordered set, let D be a dictated
automorphism structure for P, and let C,D be two D-orbits of
P such that there are a c1 ∈ C and a d1 ∈ D such that c1 < d1.
We will write C �D D and D �D C iff there are c2 ∈ C and a
d2 ∈ D such that c2 6∼ d2. In case C �D D or C �D D, we write
C ��D D and say that C and D are directly interdependent.�� ��u uu uu
�� ��u uu u u

(This can get a lot more complicated.)
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Interdependent Orbits

Proposition. Let P be an ordered set and let D be a dictated
automorphism structure for P. The relation!D , defined to be
the transitive closure of the union of ��D and the identity
relation, is an equivalence relation.
Two D-orbits C and D with C!D D will be called
interdependent.
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Interdependent Orbit Unions

Definition. Let P be an ordered set and let D be a dictated
automorphism structure for P. If E is a!D equivalence class,
then we will call

⋃
E an interdependent D-orbit union.

Definition. Let P be an ordered set, let D be a dictated
automorphism structure for P, and let Q⊆ P be a subset such
that, for all D ∈D , we have D⊆ Q or D∩Q = /0. The dictated
automorphism structure for Q induced by D , denoted D |Q, is
defined to be the set of all D-orbits that are contained in Q.
For the natural automorphism structure N for P, the dictated
automorphism structure for Q induced by N will be called the
naturally required automorphism structure N |Q.
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Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

Interdependent Orbit Unions
Definition. Let P be an ordered set and let D be a dictated
automorphism structure for P. If E is a!D equivalence class,
then we will call

⋃
E an interdependent D-orbit union.

Definition.

Let P be an ordered set, let D be a dictated
automorphism structure for P, and let Q⊆ P be a subset such
that, for all D ∈D , we have D⊆ Q or D∩Q = /0. The dictated
automorphism structure for Q induced by D , denoted D |Q, is
defined to be the set of all D-orbits that are contained in Q.
For the natural automorphism structure N for P, the dictated
automorphism structure for Q induced by N will be called the
naturally required automorphism structure N |Q.
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Automorphisms and Interdependent Orbit Unions

Proposition. Let P be an ordered set, let D be a dictated
automorphism structure for P, and let U be an interdependent
D-orbit union. Then the following hold.

1. For all x ∈ P\U and all C ∈D |U, the following hold.
1.1 If there is a c ∈ C such that c < x, then C < x.
1.2 If there is a c ∈ C such that c > x, then C > x.

2. For every Φ ∈ AutD(P), we have that Φ|U ∈ AutD |U(U).
So the D |U-orbits are just the sets in D |U.

3. Every Ψ ∈ AutD |U(U) can be extended to an
automorphism ΨP of P by setting ΨP equal to Ψ on U and
equal to the identity on P\U.

Define AutPD |U(U) to be the set of automorphisms ΨP ∈Aut(P).
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Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

Automorphisms and Interdependent Orbit Unions
Proposition. Let P be an ordered set, let D be a dictated
automorphism structure for P, and let U be an interdependent
D-orbit union. Then the following hold.

1. For all x ∈ P\U and all C ∈D |U, the following hold.

1.1 If there is a c ∈ C such that c < x, then C < x.
1.2 If there is a c ∈ C such that c > x, then C > x.

2. For every Φ ∈ AutD(P), we have that Φ|U ∈ AutD |U(U).
So the D |U-orbits are just the sets in D |U.

3. Every Ψ ∈ AutD |U(U) can be extended to an
automorphism ΨP of P by setting ΨP equal to Ψ on U and
equal to the identity on P\U.

Define AutPD |U(U) to be the set of automorphisms ΨP ∈Aut(P).
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Automorphisms and Interdependent Orbit Unions

Definition. Let P be an ordered set and let
A1, . . . ,Az ⊆ Aut(P) be sets of automorphisms such that, for all
pairs of distinct i, j ∈ {1, . . . ,z}, all Φi ∈Ai and all Φj ∈Aj, we
have Φi ◦Φj = Φj ◦Φi. We define©z

j=1Aj to be the set of
compositions Ψ1 ◦ · · · ◦Ψz such that, for j = 1, . . . ,z, we have
Ψj ∈Aj.

Proposition. Let P be an ordered set with natural
automorphism structure N and let U1, . . . ,Uz be the
non-singleton interdependent orbit unions of P. Then

Aut(P) =©z
j=1AutN |Uj(Uj),

and consequently |Aut(P)|= ∏
z
j=1

∣∣∣AutPN |Uj
(Uj)

∣∣∣.

Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

Automorphisms and Interdependent Orbit Unions
Definition.

Let P be an ordered set and let
A1, . . . ,Az ⊆ Aut(P) be sets of automorphisms such that, for all
pairs of distinct i, j ∈ {1, . . . ,z}, all Φi ∈Ai and all Φj ∈Aj, we
have Φi ◦Φj = Φj ◦Φi. We define©z

j=1Aj to be the set of
compositions Ψ1 ◦ · · · ◦Ψz such that, for j = 1, . . . ,z, we have
Ψj ∈Aj.

Proposition. Let P be an ordered set with natural
automorphism structure N and let U1, . . . ,Uz be the
non-singleton interdependent orbit unions of P. Then

Aut(P) =©z
j=1AutN |Uj(Uj),

and consequently |Aut(P)|= ∏
z
j=1

∣∣∣AutPN |Uj
(Uj)

∣∣∣.
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Width w and > (w−1)! permutations

induced on one rank looks like this

w! automorphisms

> (w−1)w “useable” endomorphisms
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Interdependent orbit unions of width w so that no rank has
> (w−1)! induced permutations should have “few”
automorphisms.

Current proof says that any orbit with k points determines the
action of the automorphism group on k+1 additional points.
It’s lengthy.

So when I prepared, I really hoped we’d be out of time now ;)
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Bernd Schröder School of Mathematics and Natural Sciences, The University of Southern Mississippi

Automorphisms of Indecomposable Ordered Sets



Automorphism Conjecture Indecomposable Sets Indecomposable, Many Automorphisms Interdependent Orbit Unions AC Reprise

Automorphisms and Interdependent Orbit Unions
Interdependent orbit unions of width w so that no rank has
> (w−1)! induced permutations should have “few”
automorphisms.

Current proof says that any orbit with k points determines the
action of the automorphism group on k+1 additional points.
It’s lengthy.

So when I prepared, I really hoped we’d be out of time now ;)
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